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SYMBOLS

a Neutralization value [26,63]
agy+ Hydrogen ion activity
A Light absorption reduced to 1-cm layer thickness
Bqp Overall formation constant of the spécies M,L,: Bgp = [M,L,]
X [MT9X [L]?
Difference between measured and calculated values
Distribution ratio [127]: D = [M],,g/[M]aq
Electromotive force
Molar extinction coefficient
Log ([M]/Tn)
~L  N-basic acid
Stepwise equilibrium constants or acid dissociation constant
Free ligand concentration
Free metal ion concentration
» General formula of complex species
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n Number of experimental points

n Average coordination number [16]: 7 = (Ty — [L])/Tm

N Maximum number of ligands

p Number of ligands in a complex species

q Number of metal ions in a complex species

(q,p) Abbreviated notation for the composition of a complex species

Q Reaction heat

r Number of hydrogen ions in a complex species

S Sum of the squares of residuals between calculated and measured
values (error-square sum)

c Standard deviation

o? Variance: 62 = S/(n — 1 — number of parameters)

a(f) Error (standard deviation) of parameter

Ty Total acid concentration

T, Total ligand concentration

T Total metal ion concentration

w Weighting factor

VA Average number of protons released (taken up): Z = ([H'] — Ty)/Tn
(Hat) calculated value of a quantity

A.INTRODUCTION

Electronic computers have been used for the calculation of complex equili-
bria for nearly 20 years. The first programmes, which have not been surpassed
even today, were published at the beginning of the 1960’. Since then, more
than 100 publications have appeared on original or variously modified com-
puter procedures. Accordingly, at present the computer calculation of equili-
brium and cther constants can be regarded as solved in virtually every field of
complex chemistry, and in several fields it is even possible to choose between
a number of reliable programmes. Nevertheless, comparatively few papers
have been published in which experimental results have been subjected to
computer procedures. One of the causes of this is, in all probability, the fact
that surprisingly few reviews have appeared on the application of computers
in complex chemistry [1,2]. Another source that may be mentioned is Gans’
review [3] on the numerical methods for data-fitting problems. In the present
monograph an account is given of those computer. procedures reported in the
literature up to about 1976, and the practical observations relating to the eval-
uation procedures, including the difficulties, are dealt with. The treatment is
confined to the computer evaluation of the results of the most frequently
used potentiometric, pH-metric, polarographic, spectrophotometric, calori-
metric, solvent-extraction and ion-exchange examinations.

B. EQUILIBRIUM STUDIES

The primary aim of equilibrium studies is to establish the compositions
and equilibrium constants of species formed during the association or disso-
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ciation of the same or different ions and/or molecules. A number of excellent
books discuss the constants used to characterize the stabilities of the various
possible species (mononuclear, polynuclear, mixed ligand, protonated or
deprotonated, hydroxo complexes and their combinations), and the experi-
mental methods suitable for the determination of these. The present treat-
ment is based primarily on the works of Beck [4] and Rossotti and Rossotti
[51, where the chemical origin of the computational problems can be con-
sulted.

Complex stability constants and other parameters (e.g. molar extinctions,
formation enthalpies, etc.) can be calculated from functions which are rela-
tively simple from a mathematical viewpoint. The total concentrations of the
reacting components (T, Tv, Ty, etc.) are in general known quantities, and
are the independent variables in the basic functions. The dependent variables
of the functions in certain methods are the free species ([M], [L], {H'], etc.),
while in other procedures they are possibly these, together with the measured
intensity values (e.g. extinction, ete.). The difficulties in the solution of the
functions, i.e. in the calculation of the unknown values of the parameters,
usually stem from the fact that some of the characteristic quantities of the
complex formation cannot be measured, or not with sufficient accuracy.

Solution of the complex formation functions essentially falls into the
sphere of regression analysis, and in very many cases treatment of the func-
tions can be carried out with methods elaborated for regression analysis [6—
13}, or with standard computer programmes prepared on the basis of these.
Although this solution has been employed by several authors, a far greater
number favour those procedures which arve based on treatments of the equa-
tions describing the given concrete problem that are relatively simpler mathe-
matically, but can be followed more readily by the chemist.

C. COMPUTER PROCEDURES FOR EVALUATION OF COMPLEX EQUILIBRIA

The computer evaluation procedures employed in complex chemistry can
be classified in accordance with a number of aspects. The most useful of
these classifications is that in accordance with the mathematical method util-
ized in the programmes. This is essentially the classification followed in the
present discussions, although it had to be dispensed with in some cases as it
would have led to the creation of too many groups. A further compromise
was necessary in that certain programmes could have been treated in several
groups.

(i) Non-statistical programmes

(a) Procedures based on computer solution of equation systems. The most
simple means of calculating the parameters was proposed by Thamer [14],
and first applied successfully by Roth and Bunnett [15]. In this method five
suitable experimental points are chosen on the A vs. [H'] curve obtained
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during study of the acid H,L, and the extinction conditions are written for
each point. Solution of the resulting simultaneous equations gives the values
of the dissociation equilibrium constants K; and K, and the molar extinctions
€L, €) and €,. Naturally, constants may be calculated [17] with this principle
on the basis of other functions too, e.g. the following Bjerrum function [16]

N
_2_‘.‘3@—;) Xg X [LY=0 (1)

(Bo = 1). However, constants obtained from only a few points in this way can
not be regarded as reliable values. The procedure of Litchinsky et al. [18] is
an attempt to eliminate this drawback of the Thamer principle. The randomly
selecting sub-routine of the programme of these authors forms numerous equa-
tion system combinations by utilizing every experimental point (e.g. 14—20
from 100 experimental points). The authors take the final values of the para-
meters to be the arithmetical means of the individual parameter values ob-
tained by solution of the equation systems.

One of the programmes of Romary et al. [19] is also based on solution of
the Bjerrum equation (1). The procedure of Hendrickson [20] for the calcula-
tion of acid association constants and the stability constants of metal com-
plexes of polyprotonic ligands is essentially the solution of simultaneous equa-
tions by a matrix inversion technique. The same method is used in the SPANA
(Spektiralanalyse) programme of Kaden and Zuberbiihler [21], which calcu-
lates the molar extinctions of the species in a system containing at most 20
complexes. When the SPANA programme is combined with the authors’
VARIAT programme, a full spectrophotometric evaluation can be carried out.

With the method of Chattopadhyaya and Singh [22] the results of spectro-
photometric measurements can be evaluated in the case of the formation of a
single complex species of composition ML. The method is based on solution
of quadratic equations obtained by combination of the extinction values mea-
sured for each experimental point, the material balance equations and the
measured molar extinctions of the reacting components. One of the roots of
the equation gives the value of eo(=€pr, — €y — €) for each experimental
point. The unknown f3,; can readily be calculated with the average of the ¢,
values. Considerable similarity to this method is to be found in the procedure
reported by Siefker [23], likewise for one complex, which was also elaborated
for calculation of the stability constants of the complexes ML, ML, or ML;.

(b) Computer solution of graphical procedures. Some authors have constructed
programmes to computerize well-known and successfully employed, but at
times very laborious graphical procedures. Such a method is the procedure of
McMasters and Schaap [24] for the evaluation of polarographic measurements,
which in all probability is the first published computer procedure for the cal-
culation of complex equilibria. The programme, following the method of
Rossotti and Rossotti [25] and yielding 4 stability constants, first calculates
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approximate values of all the constants, and then using the appropriate region
of the data, calculates the constant for the next largest by successively assum-
ing the constants for the smaller species.

On the basis of the graphical evaluation method of Schwarzenbach et al.
[26], Datta and Grzybowski [27] developed a computer procedure for calcu-
lating the stability constants of the complexes ML and ML, from potentio-
metric measurements. The method is based in essence on the solution of
pairs of equations obtained via the variables X and Y, calculated from the
experimental values 77 and [L]; in the event of n experimental points, this
results in n/2 values of K, and K,. As regards the treatment of the constants
found in the individual solutions, this programme is in effect a statistical
procedure. The weighting takes into account the fact that the most reliable
constants are obtained when the straight lines representing the two equations
are perpendicular to each other. The weighting factor then has the maximum
value of 1, while its value is proportionally lower for intersection at angles
less than 90°. The final values of the constants are obtained by a further
weighting, which depends on the extent to which the values of the constants
resulting from the previous weighting differ from the average value.

The method was extended by Grzybowski et al. [ 28] to the determination
of the dissociation contants of polybasic acids (e.g. citric acid) which dissoci-
ate in an overiapping manner. The SOLVIN procedure of their programme
solves the equations in pairs, while similarly to the preceding programme the
WTMEAN sub-routine computes the weighted mean values of the constants.

Thun et al. {29] developed a procedure involving computer treatment of
the Fronaeus function [30]. The programme computes the integral terms of
the function by parabolic integration from three consecutive points, and
yields the values of the individual constants for each experimental point. The
programme was applied to calculate four complex products or acid dissocia-
tion constants. Compared with the original Fronaeus method, the computer
procedure has the special advantage that the errors do not accumulate, as
extrapolation is performed only once.

Some authors have also used computers to calculate the curves of the
graphical evaluation procedures. Examples are the GRAPE programme of
Johansson et al. [31] and the PSEUDOPLOT programme of Corrie et al. [32],
which facilitate calculation of the normalized functions. Gorton and Jameson
[33] studied the fit of machine-computed p[L] vs. 77 curves and their experi-
mental data. Evaluations with machine-calculated curves were similarly made
by Wozniak and Nowogrocki [ 34].

(c) Some simpler programmes. A procedure with a short running time was
developed for the Bjerrum function {16] by Barcza (35]. From the individual
7t and [L] value pairs the programme computes the values of the complex
products via the equation

N
B; = }Z}, {(m—j) X B X [LY }/{G—m) X [LT} (2)

J*i
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using only those experimental points for which 7 — il > 0.05, and for rhich
B; has an effect on the value of .

The programme of Nagypil et al. [36] is based on a curve-reduction proce-
dure elaborated by development of the Bjerrum formation function. Its
essence is that not only the central metal ion M, but also the complexes ML,
ML, etc. are treated as central species, for each of which a separate 77 ; vs.
[L] formation curve can be written.

nx

The individual values in this equation can be calculated via the Fronaeus equa-
tion [30], and from these the individual stepwise equilibrium constants can be
obtained. The elaborated programme has the particular advantage that it per-
mits establishment of the measurement interval(s) for which the basic assump-
tion does not hold, i.e. the formation merely of mononuclear complexes, and
those intervals in which the formation of hydrolyzed and/or mixed complexes,
etc. must be reckoned with.

(ii) Procedures based on the least-squares principle

The vast majority of computer procedures developed for evaluation of the
results of complex equilibrium investigations are based on the least-squares
principle. These methods in some way calculate the “best” values of the
desired parameters, i.e. those values for which the weighted or non-weighted
sum of the squares of the residuals of the measured and calculated quantities
is minimum. Of the methods used to calculate equilibria, these have the
greatest importance, mainly because several of them can also be employed as
general methods of evaluation. In addition to the programmes to be discussed
below, there are some which will not be dealt with in detail, but are merely
mentioned for the sake of completeness [37—41].

(a) Approximations with linear and polynomial equations. A relatively sim-
ple means of calculating the parameters is fitting with linear or polynomial
functions. The special advantage of these methods is that the evaluation can
also be performed with computer library programmes, while the errors in the
parameters can also be calculated from the measure of the fit.

A linear approximation was employed by Ramette [42] to calculate the
dissociation constant of a species of composition HL and the molar extinc-
tions of the species L™ and HL. The programme searches for the linear equa-
tion best fitiing the experimental values by varying the molar extinction. The
method can also be applied to a complex ML if [M] can be measured and the
molar extinction of ML is zero.

In their PRCEK (= DWARF) programme, Havel and Kuban [43] similarly
use an approximation to linearized equations with the best fitting straight
line. Although the method was applied for spectrophotometric evaluation of
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the dissociation process HyL = Hy_ ,L + gH’, other linearized equations can
also be treated with the programme. The programme can be used to calculate
the correct g value, the equilibrium constant of the process and the molar
extinctions. It has been employed to carry out a number of successful evalua-
tions [44,45]. The results obtained agreed well with those of the LETAGROP-
SPEFO programme [46] although the values of S and 0(A) proved somewhat
larger than those given by the LETAGROP. The PRCEK programme is applic-
able to the formation of 2 species, or 3 species in the event of exceptionally
favourable extinction conditions.

Briggs and Stuehr [47,48] utilized linearized acid—base titration curves to
prepare a programme for calculation of the dissociation constants of at most
tribasic acids. They use an iteration procedure and optimize to Z(A log ay*)?>.

The FAJAF 45 programme of Cumming et al. [49] calculates with linear
transformations of the Bjerrum function [15]. The values of the parameters
can be calculated as intercepts and/or slopes. The authors carry out the mini-
mization with the following function

8= 20 [wa, X (X; = X0 + wy, X (¥; = ) + 2wy, X (X — X)X (¥;— )
(4)

where X; and Y; are the coordinates of the individual experimental points,
and X; and Y; are the coordinates of the i-th point on the line fitted, closest
to the i-th experimental point.

The constants of the species ML and ML.,, and HL and H,L, can be deter-
mined with the FAJAF 45 programme.

It should be mentioned that the standard procedure of regression analysis
for establishment of the equation of the best fitting straight line was applied
by Tsentovskii and Tsentovskaya [50] to evaluate conductivity measurements.

Calculation of constants from the coefficients of polynomial equations
describing the experimental results offers very broad applicability. Fundamen-
tal and extensive investigations with this method were first made by Rydberg
and Sullivan [51—55]. These authors used a programme [52] calculating the
coefficients a,, of a polynomial of formula

N

to evaluate the results of solvent-extraction experiments. Calculation of the
B, values of the Leden function [56], the Fronaeus function [30] and the
Olerup function [57] is also possible on this principle.

A number of authors, primarily Varga [17] have made use of the Rydberg—
Sullivan method. It was employed by McBryde [58] in his NLMAX pro-
gramme for the evaluation of spectrophotometric equilibrium measurements.
The experiments were carried out according to the method of corresponding
solutions, as in this way the Bjerrum formation curve could be constructed
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even without a knowledge of the molar extinctions. Heys et al. [59] also used
the same method to calculate the pK values of polybasic acids from spectro-
photometric measurements.

A programme involving fitting to a power series was used by Rush et al.
[60] to evaluate the results of their hydrolysis studies. Bad’yanov et al. [61]
also made approximations with polynomials.

Some authors have utilized various library programmes and sub-routines
for evaluation. An example is the method of Irving and Stacey [62], based on
the least-squares solution of polynomials with a standard sub-routine. The
equation to be solved is the Bjerrum equation (1), expanded by taking into
consideration the dissociation of the ligand. The method of evaluating pH-
metric measurements is in effect a procedure requiring 3—12 iterations; as
the condition for termination, the authors chose the constancy of the stand-
ard deviation [63].

Momoki et al. [64] used a Taylor expansion series approximation of the
DeFord—Hume equation [65] to evaluate polarographic measurements. An
S4801 sub-routine solving simultaneous equations was employed, whereby
the variance could also be calculated.

Irani and Callis [66] calculated the values of acid dissociation constants
with a modified least-squares non-linear programme on an IBM-704 computer.
An IBM-704 library programme was similarly used by Rabideau and Moore
[67] to evaluate potentiometric equilibrium measurements. Vinogradov. [68]
used an IBM-1620 library programme constructed for the least-squares solu-
tion of general polynomial equations in order to approximate to a polynomial-
transformed equation describing extinction.

(b) The Gauss method. One of the relatively simple and frequently applied
methods of refining the parameters is the Gauss method [69—71]. Mathemat-
ically, this means the determination of the values of the parameters f§; in a
function of the type

Yy =f(x; Bl: BZ, meey BN) (6)

In egn. (6) y is some measured intensity value, and x the independent vari-
able of the experiments (or a combination of these). The weighted sum of the
squares of the residuals of the measured and calculated intensity values can
be given by means of the following equation:

S= Qw,-(yi — F(%3 B1y Bas - B2 = watyf — ¥ (7)

The task is to establish the best parameter values giving the minimum of the
function for S, starting from the initial parameter values f8f. The conditions
3S/3B; =0 (j =1, ..., N) result in a total of N equations of the following type.

—2w;[y; — f(xi3 B1s B2y .-, Bn)13fi/00; = O (8)
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The Gauss method approximates the function to be determined by a
Taylor series with terms higher than first order neglected. When the appro-
priate substitutions are made, this approximation results in a normal equa-
tion system, which can be more easily surveyed and treated if written in ma-
trix form.

4 ¥
G™WGh = G™d (9a)

h in this equation is the vector of the parameter corrections, and can be ob-
tained by carrying out the following matrix operations.

il i1
h = (GTWG) 'GTwd (9b)

In eqn. (9), W = diag(w,, w2 ... w,), d is the error vector; its elements are the
differences of the intensity values (y?) calculated with the starting values of
the parameters () and those measured at the individual experimental points
(¥:)- The elements (3f;/3f3;) of the matrix G can be calculated by analytical
or numerical differentiation; with the latter method it is most simple to
increase the initial values of the parameters to be refined by appropriate
small amounts (A¢;) (always only one at a time), and intensity values (yij) are
calculated for every experimental point. The values of the individual matrix
elements are given by g; = (yi; — y°)/At;. The SCOGS programme [72] uses
the g;; = (yi; — ¥i;)/2At; elements (y;; and y;; are obtained by using the incre-
ments +A¢;). This requires an extra calculation of y, but it provides improved
precision of the numerical derivatives. Some problems occurring in the solving
of eqn. (9b) are discussed in Gans’ review [3].

The error in the individual parameters, o(f;), can be calculated from the
diagonal elements of the matrix (GTG)™' and from the standard deviation cal-
culated with the corrected parameter values, according to the following equa-
tion

a(B;) = [Igj}n"l X 8/(n —1—NP)]'"? (10)

where NP is the number of refined parameters.

The Gauss method began to be applied in complex chemistry following
the work of Moore and Zeigler [73]. Since then it has been used to solve very
many types of problem, and several variants of the meshod are now known.

The method was probably earliest used by Rabideau and Kline [74] for the
calculation of one equilibrium constant and two molar extinctions. Tobias
and Hugus [75] studied the hydrolysis of tin(II) chloride via potentiometric
measurement of the tin(II) activity. For computer evaluation the normal equ-
ations were produced by series expansion of the material-balance equation
expressing the total tin concentration, while the minimization was performed
with regard to the sum of the weighted squares of the residuals of the mea-
sured and calculated total tin concentrations. By evaluating pH-metric mea-
surements, Tobias and Yasuda [76] calculated dissociation constants and com-
plex products of hydrolyzed and non-hydrolyzed species. In the programme,
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minimization was performed for the total hydrogen ion concentration, and
numerical differ~ntiation was employed. Another early work was the pro-
gramme of Rush et al. [77], with which Sillén [78] also carried out a compara-
tive evaluation. Lansbury et al. [79] calculated the stability constants of the
complexes ML and ML by utilizing the Bjerrum function (1). Rosseinsky and
Kellawi [80] performed the evaluation of spectrophotometric equilibrium
m.easurements. The basic equation of light absorption was employed to con-
struct the normal equations. With their programme they established the molar
extinction and formation constant of a single species.

The general applicability of the Gauss method was pointed out by Gaizer;
together with his colleagues, he has so far carried out evaluation of potentio-
metric [81,82], pH-metric [83,84], solubility [82] and spectrophotometric
[71,85—87] measurements with one and the same algorithm. If egn. (9) is
examined, it can be seen that in the case of a filled matrix G and error vector
d, the correction values of the parameters can be calculated, independently
of what measurements the values of the individual elements originate from.
The procedure used in the author’s SPEFCA programme [71] has the further
great advantage that it simplifies evaluation with equations that are difficult
to treat mathematically. The parameters are treated as array elements, and are
refined by the input of their serial numbers; in principle it is possible to solve
very complex problems with any number of parameters.

The general applicability of the Gauss method was also pointed out by
Karlson and Vestin [88]; the LINREG sub-routine of their GENREG
(= Generalized Regression) programme is a regression procedure applicable to
any problem. The use of the programme was presented on the results of a pH-
metric study of the hydrolysis of thorium(IV).

An unusual and interesting application of the Gauss method is the proce-
dure of Lingane and Hugus [89], by which spectrophotometric measurements
at a number of wavelengths can be evaluated. This method also takes into
account the correlation between the analytical errors. As the error-square
sum, the authors take the squares of the weighted residuals of three terms:
Ty, Ty, and A. Utilizing the normal equations used by Lingane and Hugus,
Magnell [90] constructed a programme (SPECTRO-1130) which is suitable
for the treatment of 3 species, with measurements made at 5 wavelengths.

The Gauss method was further developed by Wentworth [91], thereby
allowing the errors of both coordinates to be taken into consideration.
Although in this way the solution of the problem is mathematically some-
what more complex than that of the original method, two possibilities were
suggested for a relatively simple solution. Following the work of Box [92],
Wentworth also proposed optimization of the vector containing the correc-
tion values of parameters as elements. This means a search for the scalar ry,,
whereby, on multiplication with the correction vector, the greatest decrease
of S can be achieved. The calculation of r, essentially demands calculation
of three S values: with the basic values of the parameters, and with the para-
meters modified by half of the correction values and by the total correction
values.
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The application of the Wentworth method was presented by the author
and his colleagues by means of a spectrophotometric problem involving
several wavelengths [93].

Perrin et al. developed their GAUSS programme [94—96] from the pro-
gramme of Tobias and Yasuda [76] by incorporating the Wentworth modifica-
tion. The GAUSS programme is suitable for computing acid dissociation con-
stants, the stability products of metal complexes and hydroxo complexes, or
combinations of these, and it may even be employed in the case of polynu-
clear species. In another paper [95] the authors reported their SCOSUS
(= Stability Constants of Single Unknown Species) programme, elaborated
for calculation of the stability constants of mixed complexes of types MLL'
and ML,L'.

A programme developed in the Perrin school was published by Sayce
[72,97]. The Sayce SCOGS (= Stability Constants of Generalized Species)
programme is suitable for the calculation of the constants of as many as 20
species of type M ML, L.'(OH),. This programme has been taken over by a
very large number of research groups, and has even been subjected to certain
modifications [98,99]. The most significant modification appears to be that
of Nagypal [99]; the essence of this is that not only the free species ([M],
[L], [H']), but any complex species may be treated as components of a com-
plex in the programme. By this means the special role of the hydrogen ion
disappears, and hence the programme becomes suitable for the calculation of
constants from polarographic, distribution and spectrophotometric equilibri-
um measurements. The SCOGS programme was modified by Leggett and
McBryde [100] to make it suitable for the evaluation of spectrophotometric
measurements. Their SQUAD (= Stability Quotients from Absorbance Data)
programme is convenient for the calculation of the stability products of spe-
cies of any composition formed from two different metal ions and two differ-
ent ligands, if the formation of the complexes is pH-dependent.

An interesting variant of the Gauss method was elaborated and employed
by Sabatini and Vacea in their LEAST programme [101], which is suitable
for the calculation of the stability constants of complexes of type ML, H,,
on the basis of pH-metric measurements. An interesting feature of the
LEAST programme is that the unknowns [M] and [L] of the material balance
equations are treated with the desired parameters at the same level. In addi-
tion, in place of the somewhat less accurate and slower numerical differentia-
tion, it employs analytical differentiation. The two variants of the programme,
the GN (= Gauss—Newton) and the NR (= Newton—Raphson), both have very
favourable running times. The NR variant also takes into account the a%f:/(dx;
X 38x,) values.

By further development of the LEAST—GN programme, Sabatini et al.
[102] constructed the MINIQUAD (= Minimi Quadrati) programme, which in
principle is suitable for the treatment of complexes formed from any number
of species, even in the case of measurements with several potentiometric elec-
trodes. The MINIQUAD programme was later modified [103] in order to
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enhance the speed and to make the convergence more reliable. In one modifi-
cation, after a refinement only the correction of the  values is performed, and
not that of the free species; the values of these latter giving the minimum of
the squares of the residuals for all the material balance equations are calculated
with a separate sub-routine. The other modification was the introduction of
the Marquart parameter [104], which rotates the correction vector in the direc-
tion of steepest descent. The authors did not find either modification in itself
to be perfect, and therefore both are used in the improved variant of the pro-
gramme, the MINIQUAD 75 [103].

{c) Procedures based on examination of the square of residuals function. Be-
sides the general application of the Gauss method, establishment of the posi-
tion of the minimum in 8 = f(f) is the most general method for calculation of
the “best” values of the parameters. In the following section, two examples
of this will be presented.

Simple searching procedures. The simplest possibility for establishing the posi-
tion of the minimum in the S function is by the systematic variation of the
values of the unknown parameters. A common feature of programmes operat-
ing in this way is the fairly long running time, but they have the advantage
that the finding of the minimum in § is guaranteed, even in the event of very
complex functions or very uncertain starting parameter values.

One group of the programmes uses only simple value changes, by a con-
stant amount, in the range of parameter values to be expected. Such
approaches are to be found in the programmes of Unvin et al. [105] and
Meites and Meites [106]. The former was used to calculate the parameters of
the Bjerrum function [16], and the latter to evaluate spectrophotometric and
pH-metric measurements.

The principle of the programmes in the other group is that the value of the
parameter sought is varied in one direction so long as the value of S decreases;
it is next varied in the opposite direction, but in smaller steps. This is then
repeated until a certain condition for termination is fulfilled (e.g. the value of
the increment of the parameter decreases to a given value). Such a method
was employed by Conrow et al. [107] to calculate the stability constant and
molar extinction of a single species from spectrophotometric measurements.
The similar, SWING programme of Nagano and Metzler [108] is suitable for
the calculation of the formation constants of the species H,L?**, HL" and
LOH™ on the basis of the spectra recorded as a function of pH in a broad wave-
length range. This programme varies only the values of the stability constants,
and uses a least-squares method to calculate the molar extinctions. The
JOBCON programme of Likussar [109] is applicable in the case of formation
of a single complex of moderate stability, in the event of spectrophotometric
and solvent-extraction equilibrium measurements in accordance with the Job
method. The essence of the new procedure of Likussar and Boltz {110} is the
search for the maximum absorbance Ay ,x which it would be possible to mea-
sure assuming non-dissociation of the complex formed. The programme
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searches for this value essentially by a least-squares procedure.

A very effective direct search method, known as Powell 64 [111}, in which
each parameter is varied in turn, has been applied successfully in cases where
other methods failed [112].

Mention should also be made here of the LEASK programme of Sarkar and
Kruck [113], which in effect is the least-squares solution of simultaneous
equation systems by iteration. This programme optimizes the individual stab-
ility products in turn. The VARIAT (= Variation von Konstanten) programme
of Kaden and Zuberbiihler [21] operates in the same way; this is suitable for
the calculation of the constants of mixed ligand, polynuclear and hydrolyzed
{protonated) species from potentiometric measurements.

The “‘pit-mapping”’ technique. The approach developed by Sillén et al. [114—
116] is based on examination of the function U =f(k) *. For N=1itisa
parabola, for N = 2 this function is an elliptic paraboloid, while for N >> 2 it
is an (V + 1)-dimensional space. The essence of the method (called by the
authors a “pit-mapping”” procedure) is that the initial values (k.) of the para-
meters are varied by appropriate steps b;, the U values being calculated at a
total of 1(V + 1}(N + 2) points. By this means the shape of the surface is
mapped out as it were, and is next approximated with an (N + 1)-dimen-
sional second-order surface. The coordinates of the pit, the deepest point of
the U function, are computed from the coefficients of the equations describ-
ing the approximate surface. As emerges from the above, the Sillén method is
a completely general optimizing procedure, which can also be employed in the
case of inhomogeneous parameters (e.g. §§ values, molar extinctions, con-
centrations of stock solutions, etc.).

In the course of the use of their first, LETAGROP (= search for the pit)
programme [116], Ingri and Sillén found that the U surface is very frequ-
ently not symmaetrical; indeed, at times it is extremely distorted. With such
cleft-like surfaces, difficulties arose in the calculations. When the selected
steps h; were too large, the U values lay too high on the wall of the surface,
and terms higher than the second-order ones, neglected in the approximation,
became appreciable. In the case of small h; values, on the other hand, reliable
correction values could not be calculated for the parameters because of the
rounding errors in the computer. The procedure was therefore modified so
that the values of the parameters were varied along the main axis of the pit in
the second and subsequent refinement cycles. This is achieved with the aid of
a twist matrix. This variant of the LETAGROP programme, which is still used
at present, is known as the LETAGROP—VRID ** programme [117] (vrida =
twist, turn).

We shall not dwell at length on an account of the mathematical bases of
the programme published by Ingri and Sillén [118], but merely refer to the
original publications [115—117]. We present only an abbreviated version of

* The original notations are followed in this section.
** This nomenclature is not used in this publication.
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the calculation procedure followed in the programme, performing the simul-
taneous refinement of three parameters, but in the experience of the present
author this can be applied very extensively if the individual parameters are
treated as array elements [71].

In the case N = 3, calculation of the following U values is necessary: U,,
U, Uy, Uy, Uy, Us, Uy, Uy 5, Uy ; and U, 3 (the subscript gives the serial
number of the parameter varied by the increment h;, while the sign denotes
the direction of the variation). The constant series k, with which each U value
can be calculated, can be produced with the following equation.
]i = é + SH# (11)
The vector ¢ in the equation contains the starting values of the parameters to
be refined as elements. In its principal diagonal the step matrix H contains
the increments A; of the parameters to be refined; the other elements of the
matrix have values of zero. The twist matrix S is a triangular one, in which the
values of the elements under the principal diagonal are zero, while those of
the elements in the principal diagonal are 1; in the first refinement cycle the
vaiues of the other elements are 0, while in the subsequent cycles they assume
values depending on the symmetry of U. The variational vector v directs the
variation in the values of the parameters. The values of its elements are either
0, +1 or —1. Having the set of U values, it is necessary to calculate a vector p

pi = 0.5(U_; — Uj;)

and also the elements of the following matrix R.
r; =0.5(U; +U;)— U,

rij = rj; = 0.5(Uy; — Ue) + (p; + pj) + 0.5(ry; + 1j5)

By formation of the vector vo = pR™*, the value of the minimum in the func-
tion U'is -

+
Uy = Ue — PVo ‘ (12)
while the vector of the improved parameter values is
$ : +
k_= ¢ + SHv, (13)
The value of the error o(k;) in the individual parameters is
o(k;) = [1ai1 X Uy/(n — N)]'? (14)

where @iV are the values of the diagonal elements of the matrix A™' =
SHR™'(SH)™.

If the improved parameter values are regarded as starting values, a new
refinement cycle may pe carried out, but for this it is necessary to calculate
the upper right elements of the twist matrix. If this new matrix is denoted by
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S' then
S’ = SHWH! (15)

In egn. (15), similarly to S the matrix W is a triangular matrix, the elements
of which can be calculated with the elements of the matrix R

Wiy = — T2,
Wiy = (Fyalas = Py} /D
W3 = (ryary; — ra3rn)/D

where [J = (ry a3 — ryafa ).

If S’ is taken in place of S in eqn. (11), the new refinement cycle may be
carried out.

In the ALGOL variant [118] of the LETAGROP programme, published in
1964, Ingri and Sillén introduced several modifications and expanded the pro-
gramme. Of these changes, only a few of the more essential ones will be men-
tioned here. With one of the modifications {119] the running time of the pro-
gramme was reduced. Another extension [120,121] allows treatment of the
parameters on two levels, i.e. as parameters relating only to the individual
point groups, and as parameters relating to every point. A further very impor-
tant extension is the species selector procedure [122], which serves to select
the model(s) formally best describing the experimental data.

A picture of the main applications to date of the LETAGROP programme
is given in Table 1.

Very many experiments have been successfully evaluated with the
LETAGROP programme. It has generally been applied without change, but
publications have also appeared on some modifications. It was modified by
Ulmgren and Wahlberg {123] to take into account the diffusion potential and
the activity constants. It has been employed by Meloun and Cermak [124] to
evaluate chelatometric titrations in the presence of metal indicators. and it
has also been adapted for small-memory computers [125].

(d) Selection of the quantity to be minimized and weighting of the experimen-
tal points in least-squares procedures. A fundamental criterion of the least-
squares treatment is the correct calculation of the sum of the squares of the
residuals. In the linear least-square case (when the parameters are not in expo-
nential or logarithmic expressions), two decisions must be taken: what should
be the quantity with which the error-square sum is calculated, and with what
weight should the individual experimental points be taken into account?

The quantity to be minimized must primarily be one which can be mea-
sured with satisfactory accuracy, and which characterizes well the process of
complex formation. A survey of the quantities selected for minimization in
the individual programmes is given in Table 1. It can be seen that in the major-
ity of the programmes refinement is performed for the sum of the squares of
the residuals of only a single quantity (one of the coordinates). Some authors
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Quantities chosen for minimization in least-squares programmes

Author(s) and Reference Experimental Minimizad Weightinga
name of programme method and quantity
measured
quantity
Rydberg and Sullivan {51,621 Distr. D +
o N M1 e/ [M]aq
Irving and Stacey [62] pH a
Rabideau and Moore [67] Pst., [M] E
Tobias and Hugus [75] Pot., [M] T
Tobias and Yasuda [761 pH Ty +
Silién et al., {115} pH Z
LETAGROP [118] Pot., [M}
Pot., [L] n
11211 Pot. E
{46} Spef. A
{1381 Spef. and pot. A+E
{126} Cal. Q@
[1271 Distr. log D
{1371 Vapour pr.
Conrow et al. [107] Spef. A
Inman et al. {1281 Pot., [M] Twm/[M} +
Lansbury et al, f791 pH 7 +
Paoletti et al. {i29] Cal. @
Vacca et al. 130} pH E
Perrin and Sayce {941 pH Ty +
Rosseinsky and Kellawi  [80] Spef. A
Prasad and Peterson fi311 Spef A
Lingane and Hugus {891 Spef. T+ Ty +A +
Gaizer, [85—87]
SPEFCA {71,156} Spef. A
[81,82] Pot., [M] E
[83,841 pH E
Gould and Sutton 132} Pot. n
Sayce, SCOGS {72} pH Titrant vol.
Sabatini and Vacea,
LEAST [101] pH Ty +TL+Th
Cumming et al. [49] Pot., i — [L} Xand ¥ +
FAJAF 45 normalized
variables
Karlson and Vestin 881 pH zZ
Zur Nedden et al. {1331} pH Tou
Masgoumi et al. i34} pH a
Madrton and Inczédi {1351 Ion exchange D
Gans and Vacca, [1361 pH Ty
STEW
Sabatini et al. [1021 Pot. All material
MINIQUAD balance equa-
Gans et al. 1031 tions
MINIQUAD 75
Leggett and McBryde, {100} Spef. A
SQUAD
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use in their programme the “rigorous’ least-square treatment of experimental
data. The term rigorous is applied to those problems where the independent
variable is also subject to experimental errors. The first such programme was
worked out by Wentworth [91]. In the programme of Lingane and Hugus
[89] the minimization of speciypphotometric measurements is carried out
with regard to the error-square sum of three quantities: Ty, Ty, and A.
Cumming et al. [49] consider that in a linear plot the experimental points are
scattered along both coordinates; the standard deviation varies from point to
point, but in addition the difference may attain several orders of magnitude.
Hence, the authors carry out the minimization with egn. (4).

The importance of the weighting of the individual experimental points was
emphasized by the authors of even the earliest publications. There is no
doubt that in certain cases failure to weight the experimental points or
incorrect calculation of the values of the weighting factors may lead to com-
pletely false constants. Following the work of Deming [8], Wentworth [91]
pointed out that one of the frequent errors arises on linearization of the func-
tions, when the new variable obtained by the linearization may take on some
weird relationships with the observed variable. In such a case it is absolutely
necessary to assess the need for weighting.

Most authors have taken over the use of the weighting factors w; = 1/0?
used in mathematical statistics. This was done by Rydberg and Sullivan [53]
in their pioneering computer procedure for the evaluation of the results of
their solvent-extraction experiments. They found that one of the sources of
the error o; in their measured distribution ratio is the error o, (1) arising from
the impulse count, while another is 0p (L) arising from the measurement of
the free ligand concentration. On the basis of a X? test, they found that
g; = 20p(I) + 0.75 op(L:). In addition, they used the percentage error estim-
ated from the standard deviation of D in the distribution ratio. This weight-
ing was also taken over by Varga et al. [139,140].

Calculation of the weighting factors of the individual experimental points
in accordance with the theory of mathematical statistics [8] was first pro-
posed and employed in complex chemistry by Hugus [141]. It would be diffi-
cult to establish the variances of the individual experimental points in com-
plex chemical measurements by repeating the experiments severat times.
Instead of this, Hugus regards another method of error calculation [8] as suit-
able; this is based on the approximation that the change AF in the value of a
function F(x,y) as a result of the errors Ax and Ay in the variables is propor-
tional to the first partial differentials of the function with respect to the vari-
ables.

AF = (aFfax)Ax + (aF[av)Ay (16)

The Hugus weighting was also employed by Varga and Hume [{139]. Ina
later publication [17], Varga used another calculation, setting out from the
consideration that the error in potentiometric measurements can be ascribed
to both 7 and [L]. The Varga standard deviation values are o(#7) = Pn and
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o([L]) = P[L], where the quantity P is the fractional error in the solution
series.

Lansbury et al. [ 79] similarly take the reciprocal of the variance of the
experimental points as the weighting factors; for the calculation of these, only
the estimated errors in the electromotive force and total ligand concentration
measurements are taken into consideration, while the errors in the weight
measurement, electrode calibration, etc. are regarded as negligible. The follow-
ing equation is obtained for the values of the variances of the experimental
points

o} = 2P*¢*(E) + Q*¢*(TyL) 17

v'here the quantities P and @ can be calculated via the experimental quanti-

ties Ty, T 7nd [L] and the stability products. Since these latter are not known,

an iteration procedure is employed, starting from approximate values calcu-

lated from the half-valye points of the Bjerrum complex formation function.
The rigorous method of Cumming et al. [49], used in the FAJAF-45 pro-

gramme, gives the weighting factors of the individual experimental points,

according to the following equation.

w; = 1/[r?c*(X;) + 2s cov(X;Y;) + s?0*(Y})] (18)

The quantities r and s in eqn. (18) are the coefficients of the linearized equa-
tions, 02(X;) and ¢*(Y;) are the variances of the coordinates, and cov(X;Y;) is
the covariance of the coordinates. The independent variable generally has a
much smaller error than the observed intensity. When the expressions have
been rearranged and the dependent and independent quantities are mixed
together as in the case of 7 methods, the pK values may be erroneous by more
than one pK unit, if an improper weighting is used. The values of the con-
stants obtained with this procedure agree well with the results obtained with
the LETAGROP programme; this is also confirmation of the correctness of
the simpler unit-weighting employed in the LETAGROP programme.

In the case of pH-metric titration, Tobias and Hugus [75] refined with
respect to Z(ATy)?, using the Hugus [142] weighting. Perrin and Sayce [94]
evaluated their studies of a similar nature both with weighting factors calcu-
lated according to Hugus [141,142], and with unit-weighting, and found that
the values of the constants obtained with the unit-weighting factors corre-
sponded within the limits of error with those obtained with the Hugus weight-
ing. Therefore, they do not consider the use of weighting factors to be necess-
ary. However, their finding can certainly not be generalized, but can only be
utilized in the case of measurements in a fairly narrow pH interval. Neglect
of the weighting in refinement with respect to Z(ATy)? is considered by
Sillén [115] to be definitely erroneous.

In the Sayce SCOGS programme [72], the minimization is performed with
unit weighting factors with respect to Z(Awv)?, the square of the residuals of
the titrant solution volume. The results of calculations refined with respect to
T(Av)? and to T(ApH)? were compared by Nagypal [99], who demonstrated
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that a substantial difference between the constants obtained with the two
minimization procedures is to be expected only if the pH vs. v titration curve
is not linear. Nagypal proposed combined minimization, i.e. refinement with
respect to the square of the perpendicular residuals. Am can be calculated
from the pH vs. v curve from simple geometrical considerations, according to
the following formula.

Am = AvApH/[(Av)? + (ApH)?]'"? (19)

Sabatini and Vacca [101] consider a good estimation of the variances of
the observations to be a basic requirement for a statisiically correct weight-
ing; in the case of pH-metric titrations. for example, this demands the accurate
estimation of the measurement errors in the total concentrations, the volume
and the electromotive force. To take the errors in so many quantities into con-
sideration automatically makes the calculation more difficult. This is further
enhanced by the fact that, although the individual errors in these quantities
(e.g. the standard potentials of the electrodes, etc.) are random, they appear
as a systematic error in the individual experimental curves. The authors there-
fore rather recommend the use of unit weighting factors. They also carried out
evaluation with weighting independently of these, when (by analogy with
force-constant determinations, and sometimes. with crystallographic calcula-
tions) they made calculations with w; = 1/f? values (/7 are the quantities mea-
sured in the individual experiments). This weighting bad otherwise already
been used earlier by Momoki et al. [64] in the evalnation of polarographic
measurements.

Finally, it should be mentioned that Inman et al. [ 128] calculated in the
case of potentiometric measurements the following weighting factors.

1 g 1
= X X <=
Y T/ 2.303 AE
(g =59.16 mV at 25°C)

(20)

(e) Some other evaluation procedures. Apart from those already presented,
programmes operating on different mathematical bases have also been reported
in the literature. Gans and Vacca [136] used the Davidon—Fletcher—Powell
(DFP) approximation [143—145] in their STEW programme. The h vector of
the correction values of the parameters can be calculated with the following
equation
{ {
h=—Hg (21)
where the matrix H is a positive approximation of the inverse of the matrix
built up of the elements g;; = 3 U*/(38:38;), while the values of the elements
of the vector g are g; = 3 U/3f;. The performance of the STEW programme
corresponds to that of the Sabatini LEAST programme.

In a successfully applied variant of the DFP method [146] the gradient vec-
tor g and the inverse Hessian H™! are built up numerically.
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Feldberg et al. [147] used their programme to evaluate experimental spec-
trophotometric results on mixed ligand complexes. The method employed,
essentially the steepest descent one, is based on a survey of the vicinity of the
minimum of the error-square sum function, and eliminates that difficulty in
the Sillén method which arises in the event of too flat or too asymmetric sur-
faces.

Kaneda and Martell [148] developed a new statistical method for the calcu-
lation of the constants of protonated and/or deprotorated mononuclear com-
plexes from pH-metric measurements. They defined the function

Y= E(AKl)z = f(K2’ K39 L] KN) (22)

where K, is the difference of the individual K, values from the mean value.
The programme essentially minimizes this function for the individual con-
stants K,, K;, ..., Ky.

On the basis of the principle of internal linearity, Griffith and Potts [149]
elaborated a new method for the calculation of equilibrium constants and
enthalpies AH from digital spectra. In the system examined they studied the
equilibrium of two species.

The computer method of Kankare [150] is suitable for evaluation of the
results of spectrophotometric examinations at 27 wavelengths. In the pro-
gramme, the method of factor analysis is employed to calculate the extinc-
tion matrix and the values of the equilibrium constants. The final values of
the constants of 6 complexes were established, as were their errors, with the
Chandler {151] STEPIT programme.

Finally, some methods will be mentioned which give information on the
number of species present in an examined system, and possibly on their com-
positions. With the method of Vadasdi [152], the number and compositions
of the species M, L, formed in a two-component system can be established.
The applicability of this valuable method is somewhat restricted by the fact
that a knowledge of both [M] and [L] is necessary for construction of the
matrix equations.

Wallace and Katz [158) proposed a simple method to establish the rank of
an extinction matrix (arranged in the form of a matrix of extinctions mea-
sured at several wavelengths in a solution series); the rank of the matrix gives
the number of light-absorbing species. This method has also been used by
Varga and Veatch [154], who plotted the matrix data as a three-dimensional
contour map, and in this way checked the rank of the matrix.

Chriswell and Schilt [155] developed three possibilities for the identifica-
tion of weak complexes, based on the mole ratio method. The methods of
these authors gave good results even in cases where the customary procedures
proved ineffective.

D. CONCLUSIONS

Computerized methods of evaluation have become very important proce-
dures in the calculation of complex equilibria. With their aid a virtually un-
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limited number of experimental data can be processed, and the results can be
evaluated in accordance with several models, thereby strengthening fhe reli-
ability of the conclusions. These methods also permit the treatment of com-
plex systems which with the known numerical and graphical methods would
not be evaluable, or only with difficulty. Further, some of the procedures of
computer evaluation also yield valuable information on the experimental data,
this not being given by other methods.

Of the elaborated procedures for computer evaluation, the statistical pro-
grammes are of the greatest importance, partly because these are suitable for
the solution of more problems, and partly because they provide more infor-
mation.

In the past decade the preparation of larger and more general programmes
has been the predominant feature in the construction of programmes. This un-
doubtedly has numerous advantages, such as their general utility. With the
SCOGS [72] or MINIQUAD [102,103] programmes, for example, the major-
ity of potentiometric problems can be solved. A further advantage.is that if
sophisticated techniques are used in them these programmes become very
efficient. A problem has arisen, however, in that the large programmes have
become difficult to understand and even baffling for the chemist, and in cer-
tain programmes the input system too has become over-complex. In addition,
because of their general utility they are not always as fast as the special pur-
pose-written programmes. The non-statistical or smaller programmes have
nevertheless not lost their importance, and it is not inconceivable that, with
desk computers bececming widespread, there will be a period of renaissance
for these fast-running programmes with their low memory requirements.

In certain cases the computer solution of previously known and applied
evaluation procedures had the advantage that it diminished some of the fail-
ings of the original method. It was pointed out by Rydberg [54] that, in the
event of insufficiently accurate data, the Bjerrum method may result in more
constants than the experimental data actually contain. In the Leden [56] and
Fronaeus [30] methods as well the errors made in the extrapolations accumu-
late, and in an unfavourable case this may lead to an additional, non-existing
“constant’. The computer solution elaborated by Thun et al. [29] for the
Fronaeus method eliminates this error. Naturally, all this does not mean that
the earlier graphical procedures have been completely superseded by the com-
puter solutions. Even in the age of the computer, they may be very useful,
e.g. to provide preliminary information, while in the detection of systematic
errors in measurements they are virtually indispensable.

Application of the statistical method necessitates the consideration of a
number of fundamental questions. A basic assumption in the least-squares
treatment, for instance, is the normal distribution of the errors. Disregarding
the examinations by Rydberg [55] and the test used in the MINIQUAD pro-
gramme [102] for the Gaussian distribution of residuals, in effect this ques-
tion is still not unambiguously solved even today. Independently of this, in
complex chemistry Gaussian distribution of the errors is taken as an accepted
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fact, but generally oniy because nothing seems to contradict this. In fact, the
errors arise rather from the failure to take into account that if the error in a
quantity x displays nonnal distribution, then the error distribution for its
non-linear functions (log x, x°, etc.) is not normal.

Systematic errors in the experiments may mean a very serious danger in the
course of the evaluartions. In a simnpler case, these only distort the vaiues of
the constants, but it may also occur that the systemnatic errors are compen-
sated for by a constant ascribed to a complex that does not exist in reality;
indeed, it cannot be excluded that the experimental results are described by a
completely erroneous model. It must be accepred as a fact that it is very diffi-
cult 1o create experimental conditions under which systematic errors do not
arise. These errors, however, can be attribuied definitely to tne experiments,
and even witnout a compurter it is oniy possible to draw erroneous conclusions
from erroneous megsurements. The most certain method to combat sysitem-
atic errois is to cairy out as many independent experiments as possible in the
widest feasiole concentration range. The advantage of compurer evaluation is
thar a very large mass of such data can be processed without any particular
difficulty.

The question of the selection of the function to be minimized and the calcu
lation of the weighting factors was touched on eariier. Attention is drawn
here to the aspect tnat, it there is a possibility for selection, minimization
should be carried out with regard to the residuals of quantities for which the
experirnental points can be taken into consideration with equal weightings.
Froimn the literature qata so far published, it appears that the experimental
points can be treated with the same weignt in refinements reliating to values
off, Z, n, E, log D and A.

A number of authors have raised the question of whether it is more reason-
able to carry out the optimization with respect to the stepwise equilibrium
constants, or to the stability products. Although Sillén [115] considered opti-
mization of the K values to be better, most authors have performed calcula-
tions with the overall formation constants or their logarithms. Tobias and
Yasuda [76] found calculation with the log § vaiues to be more advantageous
in the Gauss method. Gaizer t0o came to a similar conclusion [71]. A further
advantage is that in this case the elements of matrix G (eqn. 9) ave nearly of
the saune order of magnitude. The problems in solving eqgn. (9), discussed by
Gans [3] do not oceur and in the calculation of spectrophotometric measure-
ments, log 8’s and molar absorprtivities, can be refined together [156]. On the
other hand, Gans and Vacca [136] recommend calculation with the 8 values,
since in this way they find establisnment of the minimum in the error-square
sum function to be more certain. Although their conclusion is justified, it
should be taken inio account oniy when the refinement must be performed
setting out from very unreliable initial parameter values.

The selection of the model describing the system under study is generally
based on cheraical cousiderations. It is unconditionaily advisable, however, to
inspect otner conceivabie models too. It inay happen that (in poorly-planned
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experiments, or in the case of measurements in a concentration interval

which is not sufficiently wide because of experimental difficulties) the experi-
mental curve can be described satisfactorily with a number of models. It is ob-
vious that worthwhile conclusions cannot be drawn from such experiments.

On evaluation with statistical programmes, the assessment of the satisfac-
tory or unsatisfactory nature of the fit requires great circumspection. For this
the X2 test or the t test are used in a number of programmes. Vacca et al.
[157] recommend the calculation of the R factor, similarly, as in crystallo-
graphic investigations. Although all these may be important in the assessment
of the fit, there is no guarantee that the formally satisfactory, or even excellent
fit would itself be conclusive. A statistically unsatisfactory fit indisputably
casts doubt on the correctness of the selected model, but an excellent fit may
also be a freak of chance. In every case, therefore, the results obtained must
be subjected to a careful chemical checking, and agreement with other inde-
pendent methods must be regarded as a substantiating circumstance.

A very great advantage of the application of statistical methods is that they
provide a possibility for the exact calculation of the errors in the parameters.
At any event, the principle is correct that the estimate of the error in a para-
meter is at least as important as the estimate of the value of the parameter
[91]. In spite of this, there are relatively few publications in which the values
of the individual parameters are given with their objectively calculated errors.
Although there are many reasons for the origin of the surprisingly large num-
ber of unreliable equilibrium constants published in the literature [158,159],
the unreliability of many constants would have been detected even in the
course of the evaluation by the exact calculation of the errors in the constants.
It appears that calculation of the errors in the parameters on the basis of the
reproducibility alone would be misleading. Much more information is given
by calculation of the ‘“‘sharpness” as recommended by Conrow et al. [107]
(but see also [80]). This is the percentage change in the sum of the squares of
the residuals as a result of a 10% variation in the value of the parameter. In fact,
really valuable information on the errors in the parameters is only given by
methods based on statistical considerations (egyns. (10) and (14)).

In connection with the calculation of the errors, Gaizer [71,156] drew atten-
tion to the fact that it is advisable to take into account how many of the
experimental points actually give information on the value of each parameter,
and hence on its error. For measurements in a wide concentration interval,
where a number of species are formed, this cannot be left out of considera-
tion. For the calculation of the error in each parameter, therefore, the author
takes into consideration only those experimental points for which the forma-
tion of the species rejating to the parameter attains a reasonable threshold
value. If the error in the parameter calculated in this way originates from too
faw experimenial points (as compared to the total number), then, as a poorly
determined constant, this parameter should not be accepted, or only with
great, caution.

A question which frequently arises in the comparison of the individual pro-
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grammes is the running time of a programme. From a study of the information
to date and the time requirements of the individual programme parts, it
appears that the running time in statistical programmes is determined by the
time for solution of the material balance equations; the time demands of the
other operations are not appreciable. Primarily this must be taken into con-
sideration, therefore, in a comparison of the running times of the various pro-
grammes. The Newton—Raphson [6,119] method is the fastest for the solu-
tion of the equations, but this may diverge in the case of uncertain starting
values. Of the other procedures that always converge, the best is the iteration
procedure with decreasing increment values, employed in the LETAGROP
[116] and SPEFCA [71] programmes. The method used by Perrin et al.
[99,160] requires an essentially longer running time than these.

As expected mathematically, comparative evaluations with the various
least-squares programmes [97,101,136,161] resulted in essentially identical
parameter values. The differences showed up rather in the errors in the para-
meters, but this probably originates partly from the method used in the differ-
entiation, and partly (and mainly) from the fact that the values of the con-
stants are calculated by the various programmes at different reliability levels.
Surprisingly large differences were demonstrated by Hume [162] in the evalu-
ation of giver: experimental data by various calculation methods. Similar
results were obtained by Bond [163], although in this case the question arises
as to whether 3 formation constants can be calculated by a statistical method
from 15 equally-weighted experimental points differing by several orders of
magnitude.

In conclusion, it must be pointed out that computer evaluation is one
method for the calculation of equilibrium constants, and this method also has
its advantageous and less advantageous features. Nowadays, the former seem
to predominate. However, it should not be left out of consideration that it is
very dangerous to accept the results obtained by means of the computer with-
out due criticism; in all cases the results obtained must be supported by tho-
rough chemical considerations, for only thus can a factual understanding of
the system under investigation be reached.
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